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a b s t r a c t
Let G be a simple graph with the vertex set V (G) and α be a real number with α 6= 0.
The zeroth-order general Randić index of G is defined as R0α(G) =
∑
v∈V (G) dα(v), where
d(v) denotes the degree of the vertex v in G. A graph G is called a quasi-tree graph, if there
exists a vertex u ∈ V (G) such that G[V (G) \ {u}] is a tree. In this paper, we characterize the
extremal quasi-tree graphs containing cycles with the minimum and maximum values of
the zeroth-order general Randić index for α in different intervals.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a graph with the vertex set V (G) and the edge set E(G). The Randić index R(G) was introduced by Randić [1] in
1975, as follows:
R(G) =
∑
uv∈E(G)
(d(u)d(v))−
1
2 ,
where d(u), d(v) denote the degrees of the vertices u, v, respectively, in G. This index has been closely correlatedwithmany
chemical properties [2] and found to parallel the boiling point, Kovats constants and a calculated surface. The generalization
of the Randić index has been discussed by Amic, Beslo, Lucic, Nikolic and Trinajstić in [3]. The zeroth-order Randić index,
defined by Kier and Hall [4], is
R0− 12
(G) =
∑
u∈V (G)
d(u)−
1
2 .
In 1972, Gutman and Trinajstić introduced the first Zagreb index R02(G) as follows:
R02(G) =
∑
u∈V (G)
d(u)2,
reference to [5]. The Zagreb indices and their variants have been used to studymolecular complexity, chirality, ZE-isomerism
and heterosystems. The Zagreb indices are also used by various researchers in their QSPR and QSAR studies [6–9]. The
development and use of the Zagreb indices were summarized in [10,11].
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Later, Li and Zheng in [12] defined the zeroth-order general Randić index R0α(G) as
R0α(G) =
∑
v∈V (G)
dα(v)
for any real number α. This index is a common generalization of the zeroth-order Randić index and the first Zagreb index.
Li and Zhao [13] determined the trees with the first three minimum and maximum the zeroth-order general Randić index.
Zhang and Zhang [14] determined the unicyclic graphswith the first threeminimumandmaximum the zeroth-order general
Randić index. Zhang, Wang and Cheng [15] determined the bicyclic graphs with the first three minimum and maximum
zeroth-order general Randić index. Cheng, Guo and Zhang [16] determined the minimum and maximum zeroth-order
general Randić index values of bipartite graphs with a given number of vertices and edges for α = 2.
A graph G is called a quasi-tree graph, if there exists a vertex u ∈ V (G) such that G[V (G) \ {u}] is a tree. For example,
all trees are the quasi-tree graphs. In this paper, we characterize the extremal quasi-tree graphs containing cycles with the
minimum and maximum values of the zeroth-order general Randić index for α in different intervals.
All graphs considered in this paper are finite, undirected, connected and simple. For terminology and notation not defined
here we follow those in [17]. By δ(G) we denote the minimum degree of G. Let S be the vertex set or the edge set of G. By
G[S]we denote the induced subgraph in G by S. By Sn and Pn we denote the star and the path on n vertices, respectively. We
use S+n to denote the graph obtained from the star Sn by adding to it an edge between two vertices of degree one in Sn. Let
G1 and G2 be two vertex disjoint graph. We use G1∨G2 to denote the graph with the vertex set V (G1∨G2) = V (G1)∪V (G2)
and the edge set E(G1 ∨ G2) = E(G1) ∪ E(G2) ∪ {uv|u ∈ V (G1), v ∈ V (G2)}. Let K1,1,n−2 be a complete tripartite graph and
Cn be a cycle of length n. A simple connected graph is called a unicyclic graph if it has exactly one cycle. We use QT(n) to
denote the set of all quasi-tree graphs on n vertices with containing cycles.
The following two lemmas will be used in our proof.
Lemma 1. Let α > 0 be a real number. Suppose that G is a quasi-tree graph in QT(n) such that R0α(G) is maximum. Let w be a
vertex in G such that G[V (G) \ {w}] is a tree. Then dG(w) = n− 1 and δ(G) ≥ 2.
Proof. Suppose that there exists a vertex u in G such that uw 6∈ E(G). Note that G[E(G) ∪ {uw}] ∈ QT(n). Since
R0α(G[E(G) ∪ {uw}]) > R0α(G), R0α(G) is not the maximum value. This is a contradiction. So we have dG(w) = n − 1. It
is not difficult to see that δ(G) ≥ 2. 
Similarly, we can obtain the following result and we omit its proof.
Lemma 2. Let α < 0 be a real number. Suppose that G is a quasi-tree graph in QT(n) such that R0α(G) is minimum. Let w be a
vertex in G such that G[V (G) \ {w}] is a tree. Then dG(w) = n− 1 and δ(G) ≥ 2.
2. The case for α ≥ 1
Theorem 1. Let α ≥ 1 be a real number and n ≥ 3 be an integer. Let G be a quasi-tree graph in QT(n). Then 2αn ≤ R0α(G) ≤
2(n− 1)α + 2α(n− 2). Moreover,
(1) for α = 1, the left equality holds if and only if G is a unicyclic graph on n vertices, and the right equality holds if and only if
G is a join graph P1 ∨ Tn−1, where Tn−1 denotes a tree on n− 1 vertices.
(2) for α > 1, the left equality holds if and only if G ∼= Cn, and the right equality holds if and only if G ∼= K1,1,n−2.
Proof. We consider two cases as follows.
Case 1. α = 1.
First note that R0α(G) =
∑
v∈V (G) d(v) = 2|E(G)|. Clearly, a unicyclic graph on n vertices contains exactly n edges. Let G
be a quasi-tree graph inQT(n). If G is not a unicyclic graph, then we have |E(G)| > n. So R0α(G) ≥ 2nwith the equality holds
if and only if G is a unicyclic graph on n vertices.
By directed computation, we have R0α(P1 ∨ Tn−1) = 4n− 6. Let G be a quasi-tree graph inQT(n). By the definition of the
quasi-tree graph, there exists a vertex u ∈ V (G) such that G[V (G)\ {u}] is a tree. Wemay assume that G is not the join graph
P1 ∨ Tn−1. Then dG(u) < n− 1. This implies that |E(G)| < 4n− 6. So R0α(G) ≤ 4n− 6 with the equality holds if and only if
G is a join graph P1 ∨ Tn−1.
Case 2. α > 1.
We prove this case by induction on n. If n = 3, then it is easy to see that the result is true. Now suppose that n ≥ 4 and
the result holds for all quasi-tree graphs with fewer than n vertices. Let G be a quasi-tree graph in QT(n).
First, we will prove R0α(G) ≥ 2αn with the equality holds if and only if G ∼= Cn. Suppose that G 6∼= Cn. If there exists a
vertex u ∈ V (G) such that dG(u) = 1, then we deduce G[V (G) \ {u}] ∈ QT(n−1). Let v be a vertex in G such that uv ∈ E(G).
Note that dG(v) ≥ 2. If dG(v) = 2, then G[V (G) \ {u}] 6∼= Cn−1. By induction hypothesis, it follows that
R0α(G) = R0α(G[V (G) \ {u}])+ 1+ 2α − 1
> 2α(n− 1)+ 2α
= 2αn.
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If dG(v) ≥ 3, then by the Lagrange mean value theorem, we get that
dαG(v)− (dG(v)− 1)α − (2α − 1) = αξα−11 − αξα−12
> 0,
where ξ1 ∈ (dG(v)− 1, dG(v)), ξ2 ∈ (1, 2) and ξ1 > ξ2. By induction hypothesis, we deduce that
R0α(G) = R0α(G[V (G) \ {u}])+ 1+ dαG(v)− (dG(v)− 1)α
> 2α(n− 1)+ 1+ 2α − 1
= 2αn.
Hence, we may assume dG(u) ≥ 2 for each vertex u ∈ V (G). Then R0α(G) ≥ 2αn immediately by the definition. Moveover, it
is easy to see that R0α(G) = 2αn if and only if G ∼= Cn.
Next, we will prove R0α(G) ≤ 2(n − 1)α + 2α(n − 2) with the equality holds if and only if G ∼= K1,1,n−2. By directed
computation, we have R0α(K1,1,n−2) = 2(n − 1)α + 2α(n − 2). Suppose that G is a quasi-tree graph in QT(n) such that
R0α(G) is maximum. By Lemma 1, we know that δ(G) ≥ 2. Since G is a quasi-tree graph, there exists a vertex u ∈ V (G)
with dG(u) = 2. Then by Lemma 1, we can obtain that G[V (G) \ {u}] ∈ QT(n − 1). Let v1, v2 ∈ V (G) such that
uv1, uv2 ∈ E(G). If dG(v1) = dG(v2) = n − 1, then G[V (G) \ {v1, v2}] contains no edges. This implies that G ∼= K1,1,n−2
and R0α(G) = 2(n−1)α+2α(n−2). If dG(v1) ≤ n−2 or dG(v2) ≤ n−2, say dG(v1) ≤ n−2, then G 6∼= K1,1,n−2. By induction
hypothesis and the Lagrange mean value theorem, we have
R0α(G) = R0α(G[V (G) \ {u}])+ 2α + dαG(v1)− (dG(v1)− 1)α + dαG(v2)− (dG(v2)− 1)α
≤ 2(n− 2)α + 2α(n− 3)+ 2α + dαG(v1)− (dG(v1)− 1)α + dαG(v2)− (dG(v2)− 1)α
=
[
2(n− 1)α + 2α(n− 2)
]
−
[
2(n− 1)α − 2(n− 2)α −
(
dαG(v1)− (dG(v1)− 1)α
+ dαG(v2)− (dG(v2)− 1)α
)]
=
[
2(n− 1)α + 2α(n− 2)
]
−
(
αξα−11 − αξα−12 + αξα−11 − αξα−13
)
< 2(n− 1)α + 2α(n− 2),
where ξ1 ∈ (n− 2, n− 1), ξ2 ∈ (dG(v1)− 1, dG(v1)), ξ3 ∈ (dG(v2)− 1, dG(v2)) and ξ1 > ξ2, ξ1 ≥ ξ3. 
3. The case for 0 < α < 1
Theorem 2. Let 0 < α < 1 be a real number and n ≥ 3 be an integer. Let G be a quasi-tree graph in QT(n). Then
(n − 1)α + 2α+1 + (n − 3) ≤ R0α(G) ≤ (n − 1)α + 2α+1 + 3α(n − 3). Moreover, the left equality holds if and only if
G ∼= S+n , and the right equality holds if and only if G ∼= P1 ∨ Pn−1.
Proof. We prove this theorem by induction on n. If n = 3, then the result holds. Now suppose that n ≥ 4 and the result
holds for all quasi-tree graphs with fewer than n vertices. Let G be a quasi-tree graph in QT(n).
First, we will show that R0α(G) ≥ (n − 1)α + 2α+1 + (n − 3) with the equality holds if and only if G ∼= S+n . By direct
computation, we have R0α(S
+
n ) = (n− 1)α + 2α+1 + (n− 3). For the only if part, we separate into two cases as follows.
Case 1. δ(G) = 1.
Let u be a vertex in G with dG(u) = 1 and v be a vertex in G with uv ∈ E(G). Note that G[V (G) \ {u}] ∈ QT(n − 1). If
dG(v) ≤ n− 2, then by induction hypothesis and the Lagrange mean value theorem, we have
R0α(G) = R0α(G[V (G) \ {u}])+ 1+ dαG(v)− (dG(v)− 1)α
≥ (n− 2)α + 2α+1 + (n− 4)+ 1+ dαG(v)− (dG(v)− 1)α
=
[
(n− 1)α + 2α+1 + (n− 3)
]
−
[
(n− 1)α − (n− 2)α − (dαG(v)− (dG(v)− 1)α)
]
=
[
(n− 1)α + 2α+1 + (n− 3)
]
−
(
αξα−11 − αξα−12
)
> (n− 1)α + 2α+1 + (n− 3),
where ξ1 ∈ (n− 2, n− 1), ξ2 ∈ (dG(v)− 1, dG(v)) and ξ1 > ξ2.
If dG(v) = n− 1 and G[V (G) \ {u}] ∼= S+n−1, then G ∼= S+n and R0α(G) = (n− 1)α + 2α+1 + (n− 3).
If dG(v) = n− 1 and G[V (G) \ {u}] 6∼= S+n−1, then by induction hypothesis, we have
R0α(G) = R0α(G[V (G) \ {u}])+ 1+ dαG(v)− (dG(v)− 1)α
> (n− 2)α + 2α+1 + (n− 4)+ 1+ (n− 1)α − (n− 2)α
= (n− 1)α + 2α+1 + (n− 3).
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Case 2. δ(G) ≥ 2.
Since G is a quasi-tree graph, there exists a vertex u in G with dG(u) = 2. Let v1, v2 be two vertices in G such that
uv1, uv2 ∈ E(G). It is not difficult to see that G[V (G) \ {u}] is a tree or G[V (G) \ {u}] ∈ QT(n− 1). If G[V (G) \ {u}] is a tree,
then G ∼= Cn. By directed computation and the Lagrange mean value theorem, it follows that
R0α(Cn)− R0α(S+n ) = 2αn−
[
(n− 1)α + 2α+1 + n− 3
]
= 2α(n− 2)− (n− 1)α − (n− 3)
= (n− 3)(2α − 1)−
[
(n− 1)α − 2α
]
= (n− 3)αξα−11 − (n− 3)αξα−12
> 0,
where ξ1 ∈ (1, 2), ξ2 ∈ (2, n− 1) and ξ1 < ξ2. If G[V (G) \ {u}] ∈ QT(n− 1), then by induction hypothesis and the Lagrange
mean value theorem, we have
R0α(G) = R0α(G[V (G) \ {u}])+ 2α + dαG(v1)− (dG(v1)− 1)α + dαG(v2)− (dG(v2)− 1)α
≥ (n− 2)α + 2α+1 + n− 4+ 2α + dαG(v1)− (dG(v1)− 1)α + dαG(v2)− (dG(v2)− 1)α
>
[
(n− 1)α + 2α+1 + n− 3
]
+
[
(2α − 1)−
(
(n− 1)α − (n− 2)α
)]
=
[
(n− 1)α + 2α+1 + n− 3
]
+
(
αξα−11 − αξα−12
)
> (n− 1)α + 2α+1 + n− 3,
where ξ1 ∈ (1, 2), ξ2 ∈ (n− 2, n− 1) and ξ1 < ξ2.
Next, we will show that R0α(G) ≤ (n − 1)α + 2α+1 + 3α(n − 3) with the equality holds if and only if G ∼= P1 ∨ Pn−1. By
directed computation, we have R0α(P1∨ Pn−1) = (n− 1)α + 2α+1+ 3α(n− 3). Suppose that G is a quasi-tree graph inQT(n)
such that R0α(G) is maximum. By Lemma 1, we know that δ(G) ≥ 2. Since G is a quasi-tree graph, there exists a vertex u in G
with dG(u) = 2. Clearly G[V (G) \ {u}] ∈ QT(n− 1). Letw be a vertex in G such that G[V (G) \ {w}] is a tree. By Lemma 1, we
know that dG(w) = n− 1. Let v 6= w be the vertex in Gwith uv ∈ E(G). We claim that dG(v) ≥ 3. Otherwise, G[V (G) \ {w}]
is not a tree.
If dG(v) = 3 andG[V (G)\{u}] ∼= P1∨Pn−2, then it easy to see thatG ∼= P1∨Pn−1 and R0α(G) = (n−1)α+2α+1+3α(n−3).
If dG(v) = 3 and G[V (G) \ {u}] 6∼= P1 ∨ Pn−2, then by induction hypothesis, we have
R0α(G) = R0α(G[V (G) \ {u}])+ 2α + (n− 1)α − (n− 2)α + 3α − 2α
< (n− 2)α + 2α+1 + 3α(n− 4)+ 2α + (n− 1)α − (n− 2)α + 3α − 2α
= (n− 1)α + 2α+1 + 3α(n− 3).
If dG(v) ≥ 4, then by induction hypothesis and the Lagrange mean value theorem, we have
R0α(G) = R0α(G[V (G) \ {u}])+ 2α + (n− 1)α − (n− 2)α + dαG(v)− (dG(v)− 1)α
≤ (n− 2)α + 2α+1 + 3α(n− 4)+ 2α + (n− 1)α − (n− 2)α + dαG(v)− (dG(v)− 1)α
=
[
(n− 1)α + 2α+1 + 3α(n− 3)
]
−
[
(3α − 2α)−
(
dαG(v)− (dG(v)− 1)α
)]
=
[
(n− 1)α + 2α+1 + 3α(n− 3)
]
−
(
αξα−11 − αξα−12
)
< (n− 1)α + 2α+1 + 3α(n− 3),
where ξ1 ∈ (2, 3), ξ2 ∈ (dG(v)− 1, dG(v)), ξ1 < ξ2. 
4. The case for α < 0
In this section,we characterize the extremal quasi-tree graphs containing cycleswith theminimumandmaximumvalues
of the zeroth-order general Randić index for α < 0.
Theorem 3. Let α < 0 be a real number and n ≥ 3 be an integer. Let G be a quasi-tree graph inQT(n). Then (n− 1)α + 2α+1+
3α(n− 3) ≤ R0α(G) ≤ (n− 1)α + 2α+1 + (n− 3). Moreover, the left equality holds if and only if G ∼= P1 ∨ Pn−1, and the right
equality holds if and only if G ∼= S+n .
Proof. We prove this theorem by induction on n. If n = 3, then the result follows immediately. Now suppose that n ≥ 4
and the result holds for all quasi-tree graphs with fewer than n vertices. Let G be a quasi-tree graph in QT(n).
First, we will show that R0α(G) ≥ (n−1)α+2α+1+3α(n−3)with the equality holds if and only if G ∼= P1∨Pn−1. Clearly,
R0α(P1 ∨ Pn−1) = (n− 1)α + 2α+1 + 3α(n− 3). Suppose that G is a quasi-tree graph in QT(n) such that R0α(G) is minimum.
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By Lemma 2, we have δ(G) ≥ 2. Note that G is a quasi-tree graph. Then there exists a vertex u in Gwith dG(u) = 2. Let v1, v2
be two vertices in G such that uv1, uv2 ∈ E(G). Since G ∈ QT(n), by Lemma 2 umust be adjacent to a vertex of degree n− 1
in G, say v1. Note that G[V (G) \ {u}] ∈ QT(n− 1).
If G[V (G) \ {u}] ∼= P1 ∨ Pn−2, then dG(v2) = 3 or 4. Clearly, if dG(v2) = 3, then G ∼= P1 ∨ Pn−1. If dG(v2) = 4, then by the
Lagrange mean value theorem,
R0α(G)− R0α(P1 ∨ Pn−1) = (n− 1)α + 2α3+ 4α + 3α(n− 5)−
[
(n− 1)α + 2α+1 + 3α(n− 3)
]
= 2α − 3α + 4α − 3α
= −αξα−11 + αξα−12
> 0,
where ξ1 ∈ (2, 3), ξ2 ∈ (3, 4), ξ1 < ξ2.
If G[V (G) \ {u}] 6∼= P1 ∨ Pn−2, then it follows from G ∈ QT(n) and n ≥ 4 that dG(v2) ≥ 3. So, by induction hypothesis and
the Lagrange mean value theorem,
R0α(G) = R0α(G[V (G) \ {u}])+ 2α + dαG(v1)− (dG(v1)− 1)α + dαG(v2)− (dG(v2)− 1)α
> (n− 2)α + 2α+1 + 3α(n− 4)+ 2α + (n− 1)α − (n− 2)α + dαG(v2)− (dG(v2)− 1)α
=
[
(n− 1)α + 2α+1 + 3α(n− 3)
]
+
[
(2α − 3α)+ (dαG(v2)− (dG(v2)− 1)α)
]
=
[
(n− 1)α + 2α+1 + 3α(n− 3)
]
+
(
−αξα−11 + αξα−12
)
≥ (n− 1)α + 2α+1 + 3α(n− 3),
where ξ1 ∈ (2, 3), ξ2 ∈ (dG(v2)− 1, dG(v2)) and ξ1 ≤ ξ2.
Next, we will show that R0α(G) ≤ (n − 1)α + 2α+1 + (n − 3) with the equality holds if and only if G ∼= S+n . It has been
mentioned in Section 3 that R0α(S
+
n ) = (n− 1)α + 2α+1 + (n− 3). We separate into two cases as follows.
Case 1. δ(G) = 1.
Let u be a vertex in G with dG(u) = 1 and v be a vertex in G with uv ∈ E(G). Note that G[V (G) \ {u}] ∈ QT(n − 1). If
dG(v) ≤ n− 2, then by induction hypothesis and the Lagrange mean value theorem, we have
R0α(G) = R0α(G[V (G) \ {u}])+ 1+ dαG(v)− (dG(v)− 1)α
≤ (n− 2)α + 2α+1 + (n− 4)+ 1+ dαG(v)− (dG(v)− 1)α
=
[
(n− 1)α + 2α+1 + (n− 3)
]
−
[
(n− 1)α − (n− 2)α − (dαG(v)− (dG(v)− 1)α)
]
=
[
(n− 1)α + 2α+1 + (n− 3)
]
−
(
αξα−11 − αξα−12
)
< (n− 1)α + 2α+1 + (n− 3),
where ξ1 ∈ (n− 2, n− 1), ξ2 ∈ (dG(v)− 1, dG(v)) and ξ1 > ξ2.
If dG(v) = n− 1 and G[V (G) \ {u}] ∼= S+n−1, then G ∼= S+n and R0α(G) = (n− 1)α + 2α+1 + (n− 3).
If dG(v) = n− 1 and G[V (G) \ {u}] 6∼= S+n−1, then by induction hypothesis, we have
R0α(G) = R0α(G[V (G) \ {u}])+ 1+ dαG(v)− (dG(v)− 1)α
< (n− 2)α + 2α+1 + (n− 4)+ 1+ (n− 1)α − (n− 2)α
= (n− 1)α + 2α+1 + (n− 3).
Case 2. δ(G) ≥ 2.
Since G is a quasi-tree graph, there exists a vertex u in G with dG(u) = 2. Let v1, v2 be two vertices in G such that
uv1, uv2 ∈ E(G). By induction hypothesis and the Lagrange mean value theorem, we have
R0α(G) = R0α(G[V (G) \ {u}])+ 2α + dαG(v1)− (dG(v1)− 1)α + dαG(v2)− (dG(v2)− 1)α
≤ (n− 2)α + 2α+1 + (n− 4)+ 2α + dαG(v1)− (dG(v1)− 1)α + dαG(v2)− (dG(v2)− 1)α
=
[
(n− 1)α + 2α+1 + (n− 3)
]
+
[
2α − 1+ (n− 2)α − (n− 1)α
]
+ C
=
[
(n− 1)α + 2α+1 + (n− 3)
]
+
(
αξα−11 − αξα−12
)
+ C
< (n− 1)α + 2α+1 + (n− 3),
where ξ1 ∈ (1, 2), ξ2 ∈ (n− 2, n− 1), ξ1 < ξ2 and C = dαG(v1)− (dG(v1)− 1)α + dαG(v2)− (dG(v2)− 1)α < 0. 
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5. Remark
In this paper, we consider the extremal quasi-tree graphs containing cycles with the minimum and maximum values of
the zeroth-order general Randić index for α in different intervals. ByQ(n)we denote the set of all quasi-tree graphs with n
vertices. LetT(n) be the set of all treeswith n vertices. Clearly,Q(n) = T(n)∪QT(n). In fact, Li and Zhao [13] determined the
trees in T(n)with the minimum and maximum values of the zeroth-order general Randić index for α in different intervals.
The result is as follows.
Theorem 4 ([13]). Let α be a real number and n ≥ 2 be an integer. Let G be a tree in T(n).
(1) If 0 < α < 1, then (n− 1)α + n− 1 ≤ R0α(G) ≤ 2+ 2α(n− 2). Moveover, the left equality holds if and only if G ∼= Sn, and
the right equality holds if and only if G ∼= Pn.
(2) If α < 0 or α > 1, then 2+ 2α(n− 2) ≤ R0α(G) ≤ (n− 1)α + n− 1. Moveover, the left equality holds if and only if G ∼= Pn,
and the right equality holds if and only if G ∼= Sn.
So, by directed computation, our results can be extended to the whole quasi-trees, as follows.
Theorem 5. Let α be a real number and n ≥ 3 be an integer. Let G be a quasi-tree inQ(n).
(1) If α > 1, then 2 + 2α(n − 2) ≤ R0α(G) ≤ 2α(n − 2) + 2(n − 1)α . Moveover, the left equality holds if and only if G ∼= Pn,
and the right equality holds if and only if G ∼= K1,1,n−2.
(2) If α = 1, then 2n − 2 ≤ R0α(G) ≤ 4n − 6. Moveover, the left equality holds if and only if G is a tree on n vertices, and the
right equality holds if and only if G is a join graph P1 ∨ Tn−1, where Tn−1 denotes a tree on n− 1 vertices.
(3) If 0 < α < 1, then (n− 1)α + (n− 1) ≤ R0α(G) ≤ (n− 1)α + 2α+1 + 3α(n− 3). Moveover, the left equality holds if and
only if G ∼= Sn; and the right equality holds if and only if G ∼= P1 ∨ Pn−1.
(4) If α < 0, then (n− 1)α + 2α+1 + 3α(n− 3) ≤ R0α(G) ≤ (n− 1)α + (n− 1). Moveover, the left equality holds if and only if
G ∼= P1 ∨ Pn−1, and the right equality holds if and only if G ∼= Sn.
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